We consider quadruples of positive integers (a, b, m, n) with a ≤ b and m ≤ n such that any proper edge-coloring of the complete bipartite graph K m,n contains a rainbow K a,b subgraph. We show that any such quadruple with a ≤ m and n > (a 2 − a + 1)(b − 1) satisfies this property. We also show that the quadruple (2, 3, 3, 6) satisfies this property. We end with a conjecture.
Introduction
An edge-colored graph is said to be "rainbow" if no two edges have the same color. Similarly, an edge-coloring of a graph is said to be a "proper" coloring if no two adjacent edges have the same color. A typical anti-Ramsey problem concerns properly edge-coloring complete graphs K n in order to forbid or guarantee the existence of certain rainbow subgraphs. However, proper edge-colorings of complete bipartite graphs have received considerably less attention. It is our goal to prove a few basic results about proper edgecolorings of complete bipartite graphs in an anti-Ramsey-theoretic setting. Namely, we will investigate quadruples of positive integers (a, b, m, n) with a ≤ b and m ≤ n such that every proper edge-coloring of K m,n contains at least one rainbow K a,b subgraph.
We will makes use of the following canonical correspondence between properly edge-colored complete bipartite graphs and latin rectangles. Let G be a properly edge-colored copy of K m,n . Let A be the set of m nonadjacent vertices in G, and let B be the set of n nonadjacent vertices in G. Then we may construct an m × n latin rectangle R so that each row of R corresponds to a vertex in A and each column in R corresponds to a vertex in B. Furthermore, every symbol in R corresponds to the color assigned to the edge connecting the vertices that correspond to the row and column in which that symbol is placed. The fact that no two adjacent edges in G have the same color corresponds to the fact that no symbol appears more than once in any row or column of R. We will always convene to let an m × n latin rectangle be one with m rows and n columns. An x × y subrectangle of a latin rectangle R is the intersection of x rows and y columns of R. Finally, we will use the word "rainbow" to describe any subrectangle whose symbols are all distinct. Proof. It suffices to show that any properly edge-colored K a,n contains a rainbow K a,b subgraph. Suppose we have a proper edge-coloring of K a,n , and let R be the corresponding a × n latin rectangle. Because R is latin, we may choose any column of R to obtain a rainbow a × 1 subrectangle of R. Now, suppose that we have managed to find a rainbow a × t subrectangle of R for some t ∈ {1, 2, . . . , b − 1}, and call this subrectangle T . Each of the at distinct symbols in T may appear at most a − 1 times outside of T because it can appear no more than once in each row of R. Furthermore, because there are n − t columns of R outside of T and n − t > (a
, we see that there is some column of R containing none of the at symbols that appear in T . We may annex this additional column to T to form a rainbow a × (t + 1) subrectangle of R. By induction, we see that we may construct a rainbow a × b subrectangle of R, so the proof is complete.
It is natural to ask how good the bound n > (a 2 − a + 1)(b − 1) used in Theorem 2.1 is. In other words, can we always find a proper edge-coloring of K m,n that forbids the appearance of any rainbow K a,b subgraphs? The following theorem makes progress toward answering this question. Proof. Suppose there exists an a × (a 2 − a + 1) latin rectangle that contains no rainbow a × 2 subrectangle. We prove that there exists an m × n latin rectangle containing no rainbow a × b or b × a subrectangle. Because m < b, there are no b × a subrectangles of any m × n latin rectangle, so it suffices to construct an m × n latin rectangle with no rainbow a × b subrectangles. Furthermore, it is easy to see that it suffices to construct such a rectangle for the case in which m = b − 1 and n = (a 2 − a + 1)(b − 1).
Let m = b − 1 and n = (a 2 − a + 1)(b − 1). Let L be an m × n latin rectangle. We first partition L into m subrectangles A 1 , A 2 , . . . , A m , each of size m × (a 2 − a + 1). By the Pigeonhole Principle, any a × b subrectangle of L must contain at least two columns from A k for some k ∈ {1, 2, . . . , m}. In other words, any a × b subrectangle of L contains an m × 2 subrectangle of A k for some k ∈ {1, 2, . . . , m}. We will fill L with symbols in such a manner so as to ensure that, for any k ∈ {1, 2, . . . , m}, there is no rainbow m × 2 subrectangle of A k , which will then imply the desired result. We may fill L with symbols so that, for any distinct j, k ∈ {1, 2, . . . , m}, no symbol appears in both A j and A k . This will ensure that the choice of symbols in A j does not affect where we may choose to place symbols in A k and vice versa. Therefore, it suffices to show that we may fill an m × (a 2 − a + 1) latin rectangle with symbols so that any two columns have a symbol in common. To do so, we simply extend the a × (a 2 − a + 1) latin rectangle that we assumed exists to an m × (a 2 − a + 1) latin rectangle.
We find it particularly interesting to consider the case a = 2, n = 2m = 2b. That is, we wish to find positive integers m such that any proper edgecoloring of K m,2m contains a rainbow K 2,m subgraph. Theorem 2.1 shows that any proper edge-coloring of K 2,4 contains a rainbow K 2,2 subgraph, and the following theorem deals with the case m = 3. Proof. We prove the equivalent statement that every 3 × 6 latin rectangle contains a rainbow 2 × 3 or 3 × 2 subrectangle. To do so, suppose there exists some latin rectangle R with no 2 × 3 or 3 × 2 subrectangle. We will refer to the symbols in R as "colors" in order to maintain the correspondence between R and a properly edge-colored K 3,6 . We will let [r 1 , r 2 : c 1 , c 2 , c 3 ] denote the 2 × 3 subrectangle of R that is the intersection of rows r 1 and r 2 and columns c 1 , c 2 , and c 3 . Let us denote the color in the i th row and the j th column of R by R ij . Note that we may swap any two columns of R without changing the fact that R does not contain a rainbow 2 × 3 or 3 × 2 subrectangle. We will let S(i, j) denote the operation of swapping columns i and j of R. Furthermore, at any time, we may exchange any two colors r and s so that all entries of R colored r are recolored s and vice versa. Let C(r, s) denote the operation of exchanging colors r and s, and note that this operation does not change the fact that there is no rainbow 2 × 3 or 3 × 2 subrectangle of R. Even after swapping columns and exchanging colors of R, we will continue to refer to the rectangle as R. Now, call any coloring of R with the property that R 1j = j for all j ∈ {1, 2, . . . , 6} a "primal" coloring. Without loss of generality, we may assume R is primally colored. Consider the 2 × 3 subrectangle [1,2:1,2,3] of R. Because this subrectangle is not rainbow, one or more of the following equalities must hold:
Suppose R 23 = 1. Then, performing the operation S(2, 3) followed by C(2, 3), we reach a primal coloring in which R 22 = 1. Next, suppose that R 21 = 2. Performing the operation S(1, 2) followed by C(1, 2), we reach a primal coloring in which R 22 = 1. A similar argument shows that we may assume, without loss of generality, that R is primally colored and R 22 = 1. Now, consider the 2×3 subrectangle [1, 2 : 3, 4, 5] . By the same argument as before, we see that, without loss of generality, we may assume that R is primally colored, R 22 = 1, and R 24 = 3. This is because, in order to ensure that R is primally colored with R 24 = 3, we only need to use some combination of some of the operations S(3, 4), S(3, 5), S(4, 5), C(3, 4), C(3, 5), and C(4, 5), none of which change the fact that R 22 = 1. Consider the subrectangle [1, 2 : 1, 3, 6] of R. Because this subrectangle is not rainbow, we require either R 21 = 6 or R 23 = 6. If R 23 = 6, perform the operations S(1, 3), S(2, 4), C(1, 3), and C(2, 4) to obtain a primal coloring of R in which R 22 = 1, R 24 = 3, and R 21 = 6. If R 21 = 6, then we do not need to perform any operations to obtain such a coloring. If we now consider the subrectangle [1, 2 : 1, 3, 5], it is easy to see that we must have R 23 = 5. Considering [1, 2 : 2, 3, 6], we see that we must have R 25 = 4.
If we now consider [1, 3 : 3, 4, 5] , we see that we must have R 33 = 4, R 34 = 5, or R 35 = 6. No matter what, there must be some column A of R that contains the colors 3, 4, and 5. Similarly, if we consider [1, 3 : 1, 2, 6], we see that we must have R 31 = 2, R 32 = 6, or R 36 = 1. No matter what, there must be some column B of R containing the colors 1, 2, and 6. However, this is a contradiction because the union of A and B is a rainbow 3 × 2 subrectangle of R.
Concluding Remarks
Clearly, the problems discussed in this paper are far from solved, and we believe that further progress might not be too difficult. With reference to Theorem 2.2, we conjecture that, for any positive integers a, b, m, n satisfying a ≤ b, m ≤ n, m < b, and n ≤ (a 2 −a+1)(b−1), there exists an a×(a 2 −a+1) latin rectangle that contains no rainbow a × 2 subrectangle.
